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The purpose of this paper is to study the problem of Chebyshev approxi
mation with an additive weight and the equivalent problem of simultaneous
Chebyshev approximation, when the approximating elements are drawn
from a nonlinear family. Precise definitions and statements are given below.

DEFINITION 1. Let:F be a set of bounded real valued functions on the
interval [a, b] (a < b). Let 1> and W be bounded real valued functions on
[a, b], with W ~ 0 on [a, b]. The function F, in :F, is a best approximation
to 1> from :F with the additive weight W if sup{1 F(x) - 1>(x)! + W(x): x in
[a, b]} ~ sup{! G(x) - 1>(x)I + W(x): x in [a, b]} for all G in :IF. To state it
more simply, if F satisfies the above definition, we will say that F is a best
additive weight approximation to (1), W) in :IF.

DEFINITION 2. Let:F be a set of bounded real valued functions on the
interval [a, b] (a < b). Let S be a uniformly bounded set of real valued
functions on [a, b]. The function F EO:F is a best simultaneous approximation
to the functions in S from :F if SUP<i>ES sup{1 F(x) - 1>(x)i: x in [a, b]} ~
SUP<i>ES sup{! G(x) - 1>(x) I: x in [a, b]} for all G in :F.

It was observed [2] that if F, </;1 and </;2 are bounded real valued functions
on [a, bJ, then

max{ sup ! F(x) - if-il(X)!, sup ! F(x) - </;2(x)i}
xE[a,b] xE[a.b]

= sup {[ F(x) - t(</;l(X) + </;2(X») I _L t I if;l(X) - </;2(X)!}.
xda,b]

Therefore the following two theorems are true.
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THEOREM 3 [2]. Let iF be a subset ofC[a, b], and let if;l and if;2 be bounded
real valued functions on [a, b]. IfF in iF is a best simultaneous approximation
to the functions in {if;l , if;2} then F is a bets a additive weight approximation to
(cp, W) where cp = !(if;l + if;2) and W = I t(if;l - if;2)[·

THEOREM 4 [2]. Let iF be a subset ofC[a, b], let cp and W be bounded real
valued functions on [a, b] with W;?: 0 on [a, b]. IfF in iF is a best additive
weight approximation to (cp, W) in iF, then F is a best simultaneous approxi
mation to the functions in {if;l , if;2} where if;l = cp - Wand if;2 = cp + W.

Let S be a uniformly bounded set of real valued functions on [a, b] and let
iFC C[a, b]. According to [1], there exist two upper semicontinuous functions
-CPl and CP2 on [a, b] such that CPl ~ CP2 and if F is in iF, then F is a best
simultaneous approximation to the functions in S if and only if F is a best
simultaneous approximation to the functions in {CPl , CP2}. Thus, when one
considers simultaneous approximation, it suffices to assume S consists of two
functions, CPl and CP2 where CPl ~ CP2 and - CPl and CP2 are upper semi
continuous on [a, b]. By using this result, when one considers the additive
weight problem with bounded real valued functions cP and W on [a, b],
W;?: 0 on [a, b], it suffices to assume that the functions W - cP and W + cP
are upper semicontinuous on [a, b].

We now discuss the additive weight approximation problem noting that
all the definitions and results may be translated into definitions and results
for the simultaneous approximation problem

Let if; be a bounded real valued function on [a, b], then II if; [I is defined as
II if; II = sup{[ if;(x) [: x in [a, b]}. The function if; is said to be upper semi
continuous on [a, b], if if;(x) ;?: limy_>x if;(y) for all x in [a, b]. The function if;
is lower semicontinuous if and only if the function - if; is upper semi
continuous.

DEFINITION 5. Let cP and W be real valued functions on [a, b] such that
W + cP and W - cP are upper semicontinuous on [a, b] and W;?: 0 on [a, b].
Let F be a continuous function on [a, b].

(1) F has a straddle point, x, with respect to (cp, W) if F(x) - cp(x) = 0
and W(x) = III F - cP I + WII. (When this is translated into the simultaneous
approximation problem, Dunham's definition of a straddle point is obtained
[3].)

(2) F alternates n times (n ;?: 0) with respect to (cp, W) if there exist
{xi}7i1

1 C [a, bJ, Xi < Xi+! (1 ~ i ~ n) such that

(a) IF(Xi) - CP(Xi) I+ W(xi) = III F - cP I + Wit (i = 1,..., n + 1)

(b) (F(Xi) - cp(xi))(F(xi+1) - c/>(Xi+!)) < 0 (1 ~ i ~ n).
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(3) In 2 above the set {Xi}'t!:f is called a set of alternation points ofF with
respect to (1), W).

(4) F has a constant error with respect to (1), W) if

IF(x) - 1>(x)I + W(x) = Ii ! F - 1> i + WI for all X in [a, b].

In what follows the family ff will be assumed to be a varisolvent family as
defined in [4]. The necessary definitions and observations concerning
varisolvency are given next for completeness.

DEFINITION 6. Let {Ii};~l be a sequence of closed intervals (n ?' 1). The
sequence {Ii}~~1 will be called an increasing sequence of closed intervals if for
every x in Ii and every y in Ii+! (1 ~ i < n), it is true that x < y.

DEfINITION 7. Let ff be a family of functions in C[a, b] and let Fbe in ff.
The ordered pair of integers (n1 , n2) with n1 ?' 0 and n2 ?' 1 is a degree ofF
with respect to ff if the following conditions are met:

(1) Let E > 0 and a in {-I, I} be arbitrarily chosen. If n1 = 1,
then there is a function, G, in ff such that II F - Gil < E and
a(-1)(F(x) - G(x)) > 0 on [a, b]. (The factor (-1) is superfluous for this
part of the definition.) If n1 > 1, if 8 is an arbitrary element of {O, I}, and if
Uei , d;]};~~O is an arbitrary increasing sequence of closed intervals where
C1 = a and dn -0 = b, then there is a function, G, in ff such that F - Gil < E

1

and a(-l)i(F(x) - G(x)) > 0 on [Ci , di ] (i = 1, ... , n1 - 8).

(2) If G is a continuous function on [a, b) and a ~ Xl < ... < xn.~1 ~ b
such that (F(x;) - G(xi))(F(xi+1) - G(Xi+1)) < 0 (i = 1'00.,112), then (; is not
in the family.

It is noted that n1 = 0 is permissible and that if (0, n2) is a degree of F
with respect to ff, only the integer n2 gives any information about the
function's relation to the rest of the family. Furthermore, if F has (n1 , n2)

as a degree, (0, n2) is also a degree.
What the above definition is saying is that if the function, F, in ff has

(n1 , n2) as a degree with respect to ff, then there is a function G in ff that is
arbitrarily close to F on [a, b] such that F - G alternates in sign on 111 (n1 - I)
intervals. Furthermore, every member of ff that is distinct from F crosses F
at most n2 - 1 times in (a, b). If an approximating family, ff, satisfies Rice's
definition of Property A [5], then the first part of Definition 7 would be
satisfied, but the converse is not necessarily true.

Remark 8. If (n1 , n2) is a degree of F with respect to ff, then n 1 ~ n2 •

The definition seems to indicate that a function is permitted to have more
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than one degree. This is, in fact, the case. IfFhas a degree (n1 , n2) with respect
to .17, the following lemma and corollary, which appeared in [4J, gives some
information as to what other degrees F may have.

LEMMA 9. IfF belongs to .17 and has degree (n1 , n2) with respect to .17,
then

(1) (n1 - 1, n2) is also a degree ofF with respect to .17 as long as n1 is not
zero or three;

(2) (n1 , n2 + 1) is also a degree ofF with respect to .17.

COROLLARY 10. If F in .17 has a degree (nl , n2) with respect to .17 and
nl ~ 3, then (m1 , m2) is also a degree where 3 ~ m1 ~ n1 and n2 ~ m2 < 00.

The next four lemmas give sufficient conditions for the existence of a better
additive weight approximation to (~, W) than F from .17, where W - ~ and
W + ~ are upper semicontinuous and W;:? 0 on [a, bJ.

LEMMA 11. Let .17 C era, b]. Let F in .17 have (nl' n2) as a degree with
respect to .17 where n1 ;:? 2. Let ~ and W be real valued functions on [a, bJ
such that W - ~ and W + ~ are upper semicontinuous and W;:? 0 on [a, b].
Suppose F alternates nl - 1 times but does not alternate n1 times with respect
to (~, W). IfF has no straddle points with respect to (~, W), then there exist G
in .17 such that III G - ~ I + WII < p = III F - ~ 1+ WII·

Proof Let {Xi}~~l be a set of alternation points. Define Xo = a1 and
Xn +l = b and let a belong to {-I, I} such that a(-I)(F(x1) - ~(Xl)) +

1

W(x1) = p. Since W - ~ (W + ~) is upper semicontinuous and F (-F) is
continuous, it follows that F - ~ + W (~- F + W) is upper semi
continuous. Therefore, the sets {x in [a, b]: F(x) - ~(x) + W(x) = p} and
{x in [a, bJ: ~(x) - F(x) + W(x) = p} are closed and nonempty. Thus, the
values xl and Xi U (i = 1, ..., n1) defined below exist. Let xl = min{x in
[X;-l' Xi]: a(-1)i(F(x) - ~(x)) + W(x) = p} and Xi U = min{x in [Xi' Xi+lJ:
a(-1)i(F(x) - ~(x)) + W(x) = p} (i = 1,... , n1). Since Xi U = X7+1 for some i
(1 ~ i < n1) would imply that Xi U is a straddle point of F with respect to
(~, W) and since Xi U > X7+1 for some i (1 ~ i < n1) would imply that F
alternates n1 + 1 times with respect to (~, W), we have that Xi U < Xf+i
(i = 1,..., n1 - 1).

Define fL = t min{x7+1 - x iU : i = 1, ... ,n1 - I} and define II = [a, x1
U + fLJ,

Ii = [xl - fL, Xi U + fL] (1 < i < nl) and In, = [X~l - fL, b].
Let El = mini~l .....n, min{a(-1)i(F(x) - ~(x)) + p - W(x): x in Ii}' It

follows from the definition of p that El ;:? O. Since a(-1)i(F(x) - ~(x) +
p - W(x) is lower semicontinuous, there exists a Yi in Ii such that
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a(-I)i(F(Yi) - o/(Yi)) + p - W(Yi) = min{a(-I)i(F(x) - o/(x)) + p 

W(x): x in Ii} (i = 1, ... ,11r). If El = 0, then for some i (1 ~ i ~ l1r),
u( -l)i(F(Yi) - o/(Yi)) + p - W(Yi) = 0. By the construction on [XiL , XiU],
we have that Yi belongs to Ii - [xl, XiU]. IfYi belongs to [xl fL, xl), then
by construction, Yi is also contained in [xL, xL ] which is a contradiction.
Similarly, there is a contradiction if Yi belongs to (XiU, XiU + fL]. Thus
El > O.

It is noted that sup{1 F(x) - o/(x) I + W(x): x in [a, b] - U~~l Ii} < p. To
see this, assume that sup{1 F(x) - o/(x) I + W(x): x in [a, b] - U~~l Ii} = p.
Then there exists a sequence {Yi}~l contained in [a,b] - U~~lIi such that
p = lim supi->",(I F(Yi) - o/(Yi)! + W(Yi))' Without loss of generality, we
assume that {Yj}~l converges to Yo in [a, b]. By upper semicontinuity of
IF - ~ I + W, we have that IF(yo) - O/(Yo): + W(Yo) ;?: p. Since
II IF - ep I + W II = p, it follows that IF(yo) - ep(YoY + W(Yo) = p belongs
to U~~l [xl, XiU] which is a contradiction. Therefore E2 is positive, where
E2 = P - sup{1 F(x) - ep(x) I + W(x): x in [a, b] - U;:l Ii}' Let E =

min(El , E2). Since F has (nl , n2) as a degree, there exist G in :# such that
I: F - G I! < E and a(-1)i(F(x) - G(x)) ;?: 0 on Ii (i = 1,... , nl).

We now show that III G - 0/ I + WI! < IF - ep I + WII. Since
I G - 0/ I + W is upper semicontinuous, it suffices to show that
I G(x) - ef>(x) I + W(x) < p for all x in [a, b]. If x belongs to [a, b) - U~~lli ,
then 0 ~ i G(x) - o/(x) I + W(x) ~ I G(x) - F(x) I -+- IF(x) - ef>(x)IL
W(x)< E + sup{1 F(x) - o/(x) I +W(x): x in [a, b] - U;:l Ii} = E+ P - E2~ p.
Thus I G(x) - ~(x)1 + W(x) < p on [a, b] - U::l Ii' If x belongs to Ii for
some i (1 ~ i ~ nl), then

-E < a(-l)i(G(x) - F(x)) < 0

and

-p + W(x) + El ~ a(-l)i(F(x) - ef>(x)) ~ p - W(x).

By adding these inequalities, we have

-p + W(x) + (El - E) < a(-l)i(G(x) - o/(x))

< P - W(x) for all x in Ii .

This implies that I G(x) - o/(x) I < p - W(x) for x in Ii, or i G(x) - o/(x)i +
W(x) < p for all x in Ii . This completes the proof of the lemma.

LEMMA 12. Let:# C qa, b]. Let F in :# have degree (3, n2) with respect
to :#. Let 0/ and W be real valued functions on [a, b] such that W - ep and
W + ~ are upper semicontinuous and W ~ 0 on [a, b]. Suppose F alternates
once, but not twice, with respect to (ef>, W). If F has no straddle points with
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respect to (f, W), then there exist G in ff such that II I G - f I + WII <
II IF- f 1+ WII·

Proof The proof is the same as the preceeding proof with nl (in the proof)
replaced by 2, (instead of 3).

By summarizing the above two lemmas, and by using Corollary 10, we
have the following corollary.

COROLLARY 13. Let ff C C[a, b]. Let F have a degree (nl , n2) with respect
to ff, (nl ;;?: 2). Let f and W be real valuedfunctions on [a, b] such that W - f
and W + f are upper semicontinuous and W;;?: 0 on [a, b]. Suppose F
alternates once, but does not alternate nl times, with respect to (f, W). IfF has
no straddle points with respect to (f, W), then there exist G in ff such that

III G - f I + WII < III F - f I + WII·

LEMMA 14. Let ff C C[a, b]. Let F in ff have a degree (3, n2) with respect
to ff. Let f and W be real valued functions on [a, b] such that W - f and
W + f are upper semicontinuous and W ;;?: 0 on [a, b]. Suppose F does not
alternate once with respect to (f, W), suppose F does not have a straddle point
with respect to (f, W) and suppose F does not have a constant error with respect
to (f, W). T.hen, there exist G in ff such that III G - f I + WII < p =
[I IF - f I + WII·

Proof Since I F - f I + W is upper semicontinuous, there exists a z in
[a, b] such that I F(z) - f(z) I + W(z) = p. Let a belong to {-I, I} such that
a(-l)(F(z) - fez»~ + W(z) = p. The value a is well defined since F does
not alternate once with respect to (f, W) and F does not have a straddle
point with respect to (f, W). By upper semicontinuity, the set {x in (a, b):
a(-l)(F(x) - f(x» + W(x) < p} is an open set. Let y belong to {x in (a, b):
a(-l)(F(x) - f(x» + W(x) < p} and let a l and bl be such that a :s;; a l <
y < bl :s;; band a(-l)(F(x) - f(x» + W(x) < p for all x in [aI' bl]'
The set [aI' bl ] is not empty by the semicontinuity assumptions and by the
assumption that F does not have a constant error with respect to (f, W).
Define II = [a, all, 12 = [al + t(bl - a l ), bl - t(bl - al )], and 13 = [bl , b].

Let €l = min{a(-l)i(F(x) - f(x» + p - W(x): xinIiCi = 1, 3)}. The
lower semicontinuity of the function a(-l)i(F- f) - W + p ensures the
existence of €l . By the definition of p, we have €l ;;?: O. Assume €l = O. Then
there exists a z in II U 13 such that -p + W(z) = a(-l)(F(z) - fez»~ or
p = a(F(z) - fez»~ + W(z). This implies that F has one alternation with
respect to (f, W) if z #- x, or F has a straddle point with respect to (f, W)
if z = x. Therefore, €l is positive.

Let €2 = P - sup{1 F(x) - f(x) [ + W(x): x in (aI' bl)} > 0 and let € =
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mineE1 , E2)' Since F has (3, n2) as a degree, there exist G in ff such that
Ii F ~ G Ii < E and a(-l)i(F(x) - G(x» > 0 on Ii (i = 1,2,3).

We now show that il \G - 4> \ + WI! < p. Since I G - 4> \ + Wis upper
semicontinuous on [a, b], it suffices to show that I G(x) - 4>(x)! + W(x) < p
for all x in [a, b]. If x belongs to (aI' b1) we have I G(x) - 4>(x) I + W(x) ~
i G(x) - F(x) I + IF(x) - 4>(x) I + W(x) < E + sup{1 F(x) - 4>(x)! + W(x):
x in (aI' b1)} = E + P - E2 ~ p. If x belongs to Ii (i = 1,3), then

-E < a(-I)i(G(x) - F(x» < 0

and

- p + W(x) + E1 ~ a(-1 )i(F(x) - ep(x» :s:; p - W(x).

By adding these two inequalities, we have

-p + W(x) + E1 - E < a(-l)i(G(x) - 1>(x»

< p - W(x) for all x in Ii ,

(i = 1,3). Thus I G(x) - 4>(x) I < p - W(x) for all x in II U /3 . This com
pletes the proof of the lemma.

LEMMA 15. Let ff C C[a, bJ. Let Fin ff have a degree (n1 , n2)with respect
to % (n1 = 1 or n1 = 2). Let 4> and W be real valued functions on [a, bJ such
that W - 1> and W + f are upper semicontinuous and W ~ 0 on [a, b].
Suppose F has no straddle points with respect to (f, W), and suppose F does
not alternate once with respect to (ef>, W). Then, there exist G in ff such that

i! I G -1> i + Wil < p = IIIF- f 1+ WII·

Proof Let El = min{a(-l)(F(x) - 4>(x» T P - W(x): x in (a, b]) where
a belongs to {-I, I} such that for some y in (a, bJ, a(-l)(F(y) - 4>(y» +
W(y) = p. By the semicontinuity assumption on W + 4> and W - 4>, such
a y does exist; a is well defined because of the assumption that there are no
straddle points; €1 > 0 since it is assumed that F does not alternate once
with respect to (4), W). Since (111 , 112) is a degree of F, there exist G in % such
that I! F - Gil < € and a(-1)(F(x) - G(x» > 0 on (a, b1. G is the desired
function.

We now give a necessary condition for a function, F, in ff to be a best
additive weight approximation to (f, W) where W - f and W + f are upper
semicontinuous and W ~ 0 on [a, b].

THEOREM 16. Let ff C era, b]. Let F in ff have a degree (111 ,n2) with
respect to %. Let 4> and W be real valued functions on [a, b] where
W - f and W + 4> are upper semicontinuous and W ~ 0 on [a, b].
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Suppose III F - cp I + WII <; III G - cp I + WII for all G in g::. Then, one
of the following is true.

(1) F has a straddle point with respect to (cp, W).

(2) F alternates nl times with respect to (cp, W).

(3) F has a constant error with respect to (cp, W).

Proof If nl = 0, the upper semicontinuity of IF - cp I + W implies that
there exists an Xl in [a, b] such that IF(XI) - CP(XI) I + W(xl) =
III F - cp I + WII; thus statement two is satisfied. Assume nl ;;? 1and assume
statements one, two, and three are not true. Then the previous lemmas ensure
the existence of G in g:: such that III G - cp I + WII < III F - cp [ + WII,
which is a contradiction.

We now give a sufficiency condition for a function, F, in g:: to be a best
additive weight approximation to (cp, W) where W - cp and W + cp are
upper semicontinuous and W;;? 0 on [a, b].

THEOREM 17. Let g:: C C[a, b]. Let F in g:: have a degree (nl ,n2) with
respect to g::. Let cp and W be real valuedfunctions on [a, b] where W - cp and
W + cp are upper semicontinuous and W ;;? 0 on [a, b]. Suppose F alternates n2

times with respect to (cp, W). Then, II [F - cp I + WII <; II I G - cp 1+ WII
for all G in g::.

Proof If F has a straddle point, x, with respect to (cp, W), then
III F - cp I + WII = IF(x) - cp(X) I + W(x) = W(x) <; i G(x) - cp(X)I +
W(x) <; III G - cp I + WII, for all Gin g::.

Assume F does not have a straddle point with respect to (cp, W) and let G
belong to C[a, b] such that III G - cp I + WII < p = III F - cp 1+ WII. Let
{Xi}~~~l be a set of n2 + 1 alternation points of F with respect to (cp, W).
Let er belong to {-1, 1} such that er( -l)(F(XI) - cp(xI)) + W(xl) = p. Then
er( -l)i(F(xi) - cp(x;)) + W(Xi) = P (i = 1,... , n2 + 1). Observe that

er(-l)i(F(xi) - G(Xi)) = er(-l)i(F(xi) - CP(Xi)) + a{-l)i(cp(xi) - G(Xi))
= (p - W(Xi)) + er(-l)i(ep(xi) - G(Xi))

= P - [er( -l)i(G(xi) - CP(Xi)) + W(Xi)]

> 0 (i = 1,... , n2 + 1).
Therefore

or
(F(Xi) - G(xi))(F(xi+l) - G(Xi+1)) < 0

Thus, G does not belong to g::.
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Summarizing this section for ff a varisolvent family of functions on [a, b],
we have the following theorem.

THEOREM 18. Let ff be a varisolventfamily offunctions on [a, b], let F in
ff have (Ill , n2) as a degree with respect to ff, and let <p and W be real valued
functions on [a, b) where W - cp and W + cp are upper semicontinuous and
W:?: 0 on [a, b).

(1) 1ft IF - cp 1+ W:I ~ ill G - <p 1+ Wil for all G in ff, then
either F has a straddle point, alternates n1 times, or has a constant error with
respect to (cp, W).

(2) IfF alternates n2 times with respect to (cp, W), then

F - <p I + WI! ~ ill G - <p I + Wil for all G in iF.

It is noted that if ff is a unisolvent family of degree n on [a, b), then the
above theory reduces to that of Dunham's [3] for the simultaneous approxi
mation problem.
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